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NONLINEAR ATTITUDE CONTROL OF SPACECRAFT WITH A
CAPTURED ASTEROID
Saptarshi Bandyopadhyay* and Soon-Jo Chung†
One of the main control challenges of National Aeronautics and Space Administration’s
proposed Asteroid Redirect Mission (ARM) is to stabilize and control the attitude of the
spacecraft-asteroid combination in the presence of large uncertainty in the physical model of
a captured asteroid. We present a new robust nonlinear tracking control law that guarantees
global exponential convergence of the system’s attitude trajectory to the desired attitude tra-
jectory. In the presence of modeling errors and disturbances, this control law is finite-gain
Lp stable and input-to-state stable. We also present a few extensions of this control law,
such as exponential tracking control on SO(3) and integral control, and show its relation to
the well-known tracking control law for Euler-Lagrangian systems. We show that the resul-
tant disturbance torques for control laws that use feed-forward cancellation is comparable to
the maximum control torque of the conceptual ARM spacecraft and such control laws are
therefore not suitable. We then numerically compare the performance of multiple viable at-
titude control laws, including the robust nonlinear tracking control law, nonlinear adaptive
control, and derivative plus proportional-derivative linear control. We conclude that under
very small modeling uncertainties, which can be achieved using online system identification,
the robust nonlinear tracking control law that guarantees globally exponential convergence
to the fuel-optimal reference trajectory is the best strategy as it consumes the least amount
of fuel. On the other hand, in the presence of large modeling uncertainties and actuator satu-
rations, a simple derivative plus proportional-derivative (D+PD) control law is effective, and
the performance can be further improved by using the proposed nonlinear tracking control
law that tracks a “D+PD”-control-based desired attitude trajectory. We conclude this paper
with specific design guidelines for the ARM spacecraft for efficiently stabilizing a tumbling
asteroid and spacecraft combination.
INTRODUCTION
Multiple space agencies have announced plans for future small body exploration and hazard mitigation
missions.1, 2, 3 Recently, European Space Agency’s Rosetta spacecraft landed the Philae robotic lander on
the nucleus of the comet 67P/Churyumov–Gerasimenko.4 National Aeronautics and Space Administration’s
(NASA) proposed Asteroid Redirect Mission (ARM) is targeting carbonaceous Near Earth Orbit (NEO)
asteroids, which have diameters between 7-10 m and mass between 2.5-13× 105 kg, because they could po-
tentially answer questions about the origin of life and provide opportunities for in-situ resource utilization.5
The objective of the first ARM mission concept is to capture a NEO asteroid or to pick up a boulder from
some bigger target asteroid and transport the captured body back to the Earth–Moon system. In this paper, we
provide a detailed analysis of one of the main control challenges for the ARM mission concept: despinning
and three-axis attitude control of the asteroid and spacecraft combination after the tumbling asteroid is cap-
tured by the ARM spacecraft, as shown in Fig. 1(a).5 In the new ARM mission concept shown in Fig. 1(b),6, 7
the same attitude control problem applies after a boulder is picked up and the spacecraft-boulder combination
is separated from a larger asteroid.
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Figure 1. (a) Artist’s rendering of the conceptual ARM spacecraft about to capture a
NEO asteroid (image credit: NASA5). (b) Artist’s rendering of the conceptual ARM
spacecraft about to pickup a boulder from a large asteroid (image credit: NASA7).
In this paper, we present and compare attitude control strategies for despinning and three-axis stabilizing
the asteroid and spacecraft combination after the tumbling asteroid is captured by the ARM spacecraft. In
Refs. 8, 9, a simple attitude control strategy is presented for a spacecraft-asteroid combination that assumes
perfect knowledge of the asteroid’s physical parameters and neglects modeling uncertainties, saturations,
and disturbances. In contrast, we present attitude control strategies that stabilize the tumbling asteroid and
spacecraft combination in the presence of uncertain physical parameters, bounded disturbances, measurement
errors, and actuator saturations. Attitude control with uncertainty is a topic of intense research.10, 11, 12, 13
For the purpose of achieving large slew-maneuvers and superior tracking performance for a time-varying
desired trajectory, nonlinear attitude tracking control should be used in lieu of linear control. In this paper,
we show that common nonlinear attitude control laws that use exact feed-forward cancellation, similar to
feedback linearization, exhibit a large resultant disturbance torque due to an unprecedentedly large modeling
uncertainties of a captured asteroid. In contrast, attitude control laws, which do not have a feed-forward
term,14, 15, 16 experience a much smaller resultant disturbance torque. We elaborate that the proposed robust
nonlinear tracking control law can be designed to exploit the benefit of no feed-forward cancellation while
achieving superior tracking performance in the presence of large modeling uncertainties, measurement errors,
and actuator saturations.
Paper Contribution
The first main contribution of this paper is the development of a robust nonlinear tracking control law that
guarantees global exponential convergence of the system’s attitude trajectory to the desired attitude trajectory.
In the presence of disturbances, this control law is finite-gain Lp stable and input-to-state stable. We show
that this control law is related to the well-known tracking control law for Euler-Lagrangian systems,16, 14
but the new control law directly prescribes the control torque input with less dependence on the kinematic
relationship. This offers several advantages over the EL-based control law. Another advantage of this new
control law is that it can be easily extended with an integral control term or an exponentially-stabilizing
tracking control law on SO(3) for global attitude representation. We also discuss techniques for generating
fuel-optimal and resultant disturbance torque minimizing desired attitude trajectories.
The second main contribution of this paper is to compare the resultant disturbance torques for different
types of control laws. We show that control laws that use feed-forward cancellation, experience a resultant
disturbance torque that is comparable to the maximum control torque of the conceptual ARM spacecraft and
can lead to actuator saturation. Therefore, such control laws are not suitable for an ARM mission type. We
also discuss methods for reducing this resultant disturbance torque for the novel robust tracking control law.
The comparison study of the fuel usage and time of convergence of multiple attitude control laws using
numerical simulations is also presented. The third main contribution of this paper indicates that the best
control strategy under very small modeling uncertainties, which can be achieved using online system identi-
fication from both proximity and contact operations, is to track the fuel-optimal reference trajectory using the
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globally-exponentially-stabilizing robust nonlinear tracking control law. On the other hand, in the presence
of large modeling uncertainties, measurement errors, and actuator saturations, the best control strategy is to
use the robust nonlinear tracking control law, which tracks a derivative plus proportional-derivative based
desired attitude trajectory. We also provide specific design guidelines for the ARM spacecraft for efficiently
stabilizing the asteroid and spacecraft combination.
PRELIMINARIES AND PROBLEM STATEMENT
In this section, we present the attitude kinematics and dynamics of the asteroid and spacecraft combination
and then state the control problem statement. Nominal ARM spacecraft design used in this paper is shown in
Fig. 2(a). The Reaction Control Subsystem (RCS), which includes four pods of four thrusters, will be used
for attitude control of the tumbling asteroid and spacecraft combination.
(a) (b)
Figure 2. (a) Bottom view of the conceptual ARM spacecraft with the four RCS
thruster pods (image credit: NASA5). (b) Reference Frames: the inertial frame FI ,
the body fixed frame FB , and the spacecraft frame FS .
Attitude Dynamics and Kinematics of the Asteroid and Spacecraft Combination
We assume that the asteroid and ARM spacecraft combination is a tumbling rigid body. Note that the
slippage between the capture mechanism and the asteroid and the flexibility of the solar arrays are neglected
in this paper. In this section, we present the attitude dynamics and kinematics equations that are used in this
paper.
The center of mass of the asteroid and spacecraft combination (BCM ) is the origin of the body fixed frame
FB , as shown in Fig. 2(b). Let SO, which is the base of the ARM-spacecraft’s body, be the origin of the
spacecraft frame FS as shown in Fig. 2(b). We assume that attitude orientation of FB with respect to FI is
the same as that of FS with respect to FI , i.e., the rotation matrix from FS to FB is an identity matrix. Let
rSO/BCM denote the vector from BCM to SO.
Let JBCMast be the unknown, constant, positive-definite inertia tensor of the asteroid at BCM and expressed
in FB . Let JSCMsc be the known, constant, positive-definite inertia tensor of the ARM spacecraft at the center
of mass of the ARM spacecraft (SCM ) and expressed in FS . The combined inertia tensor of the asteroid and
spacecraft combination at BCM and expressed in FB is determined using the parallel axis theorem to be:
JBCMtot = J
BCM
ast + J
SCM
sc +msc
[(
rSCM/BCM
)T (
rSCM/BCM
)
I−
(
rSCM/BCM
)(
rSCM/BCM
)T]
,
(1)
where rSCM/BCM = rSCM/SO + rSO/BCM , rSCM/SO is the known vector from SO to SCM , msc is the mass
of the spacecraft.
Let ω ∈ R3 be the angular velocity of the asteroid and spacecraft combination in the body fixed frame FB
with respect to the inertial frame FI and expressed in the frame FB . Let u ∈ R8 and B ∈ R3×8 represent
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the thrust outputs of the eight thrusters and the control influence matrix. Let dext ∈ R3 denote the external
disturbance torques on the system. The attitude dynamics of the rigid asteroid and spacecraft combination is
given by:
JBCMtot ω˙ =
(
JBCMtot ω
)
× ω +Bu+ dext . (2)
The attitude kinematics of the rigid asteroid and spacecraft combination using quaternions is given by:17, 18
β˙v =
1
2
(β4ω + βv × ω) , β˙4 = −
1
2
βTv ω , (3)
where βv = [β1, β2, β3] ∈ R3 and β = [βv, β4] ∈ S3. The corresponding attitude kinematics equation
using modified Rodrigues parameters (MRP) is given by:16
q˙ = Z(q)ω , where Z(q) =
1
2
[
I
(
1− qTq
2
)
+ qqT + S(q)
]
, S(q) =
[
0 −q3 q2
q3 0 −q1
−q2 q1 0
]
(4)
The attitude kinematics equations using Euler angles, classical Rodrigues parameters, and the quaternion
vector (βv) can also be written in the form of q˙ = Z(q)ω (like Eq. (4)) with a different definition of Z(q).
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The attitude kinematics of a rotation matrix on SO(3) is given by:
R˙ = RS(ω) , (5)
whereR represents the rotation of the body fixed frame FB with respect to the inertial frame FI .
We now study the effect of modeling uncertainties in JBCMast and r
SO/BCM , measurement errors in ω, and
actuator errors in u on the attitude dynamics of the asteroid and spacecraft combination (2). Let JBCMast =
JˆBCMast + ∆J
BCM
ast , where Jˆ
BCM
ast is the estimated inertia tensor of the asteroid and ∆J
BCM
ast is the modeling
error. Similarly, let rSO/BCM = rˆSO/BCM + ∆rSO/BCM . The true angular velocity ω is decomposed as
ω = ωˆ + ∆ω, where ωˆ is the measured angular velocity and ∆ω is the measurement error. Finally, the true
thruster output is written as u = uˆ + ∆u, where uˆ is the thruster output commanded by the control law
and ∆u is the actuator error. Due to these uncertainties and errors, we get JBCMtot = Jˆ
BCM
tot + ∆J
BCM
tot and
B = Bˆ + ∆B. Simplifying the dynamics of the asteroid and spacecraft combination (2) gives:
(JˆBCMtot + ∆J
BCM
tot )
˙ˆω − (JˆBCMtot + ∆JBCMtot )ωˆ × ωˆ = uc + dres (6)
where uc = Bˆuˆ and dres =
(
JˆBCMtot + ∆J
BCM
tot
)
∆ω × ωˆ +
(
JˆBCMtot + ∆J
BCM
tot
)
ωˆ × ∆ω + ∆Buˆ +
Bˆ∆u− JˆBCMtot ∆ω˙+dext. Note that ∆JBCMtot is the only unknown parameter in the left hand side of Eq. (6).
We use Eq. (6) to analyze the stability of control laws presented in this paper. A detailed study of the resultant
disturbance torques for different control laws is presented later on.
Problem Statement: Attitude Control of the Asteroid and Spacecraft Combination
The salient features of the attitude control problem discussed in this paper are as follows: (i) The asteroid
and ARM spacecraft combination is tumbling. The tumbling rate can be nonuniform due to the cross-terms
in the moment of inertia tensor. (ii) The asteroid’s inertia tensor, mass, center of mass, and center of gravity
have large uncertainties (approximately 10% of the nominal value). (iii) The asteroid is non-collaborative;
i.e., no actuators are placed on the asteroid. All actuators are on board the ARM spacecraft.
Let qfinal denote the desired attitude orientation of the stabilized system. The attitude control objective
is to detumble and control the attitude dynamics of the asteroid and spacecraft combination. The control
objective is to stabilize the system, in the presence of uncertain physical parameters, bounded disturbances,
measurement errors, and actuator saturations, such that for some appropriate εtrans > 0, εss > 0, and T  0:
‖ω(t)‖2 ≤ εtrans, ∀t > 0 , (7)
‖q(t)− qfinal‖2 ≤ εss, ∀t > T . (8)
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The transient error bound εtrans is imposed on the angular velocity ω(t) in Eq. (7) in order to ensure that
the system is always within the technological capability of the sensors and actuators on board the ARM
spacecraft. It is desired that after time T , the asteroid and spacecraft combination should achieve the desired
attitude orientation qfinal as shown in the steady-state condition (8). Note that if the system has to hold its
attitude within the given steady-state error bound εss, then the desired angular velocity ωfinal of the stabilized
system should be sufficiently close to 0 rad sec−1.
In this paper, a control law that guarantees global exponential convergence or a contracting closed-loop
dynamics is derived to achieve the objectives in Eqs. (7-8). Hence, in the presence of disturbances, such
a globally exponentially stabilizing control law yields finite-gain Lp stability and input-to-state stability.20
If a control law that only yields global asymptotic convergence (without any disturbance), then the error in
the system’s trajectory may not be bounded for a certain class of disturbance or proving robustness is more
involved.20
CONTROL LAWS FOR NONLINEAR ATTITUDE CONTROL
In this section, we present various control laws that are deemed suitable for satisfying the control problem
statement. We first present a novel robust nonlinear tracking control law that guarantees globally exponential
convergence of the system’s attitude to the desired attitude. In order to highlight the advantages of this new
control law, we also present several extensions of this attitude tracking control law, like augmenting it with an
integral control term and deriving an exponentially-stabilizing tracking control law on SO(3). We also discuss
techniques for computing the fuel-optimal desired attitude trajectory and and the resultant disturbance torque
minimizing desired attitude trajectory, which is based on the derivative plus proportional-derivative control
strategy.
Robust Nonlinear Tracking Control Law with Global Exponential Stability
The following theorem states the proposed robust nonlinear tracking control law, which directly computes
the control input uc for (6). Note that this control law does not cancel the term S
(
JˆBCMtot ωˆ
)
ωˆ exactly, in
contrast with most conventional nonlinear tracking control laws using feed-forward cancellation.12, 21 The
effect of this feed-forward cancellation on the resultant disturbance torque is discussed in detail. Although
this control law is written for MRP, it can also be used with other attitude representations like Euler angles,
classical Rodrigues parameters, and the quaternion vector, by changing the definition of Z(q).
Theorem 1. For the given desired attitude trajectory qd(t), and positive definite constant matrices Kr ∈
R3×3 and Λr ∈ R3×3, we define the following control law:
uc = Jˆ
BCM
tot ω˙r − S
(
JˆBCMtot ωˆ
)
ωr −Kr(ωˆ − ωr) , (9)
where ωr = Z−1(qˆ)q˙d(t) +Z
−1(qˆ)Λr(qd(t)− qˆ) .
This control law stabilizes the asteroid and spacecraft combination (6) and has the following properties:
(i) In the absence of resultant disturbance torque, this control law guarantees global exponential convergence
of the system’s trajectory to the desired trajectory qd(t).
(ii) In the presence of bounded resultant disturbance torque, this control law guarantees the system’s trajectory
will globally exponentially converge to a bounded error ball around the desired trajectory qd(t). Hence,
this control law is finite-gain Lp stable and input-to-state stable (ISS), which are sufficient conditions for
satisfying the control problem statement Eqs. (7-8).
Proof: The closed-loop dynamics, which is obtained by substituting uc from Eq. (9) into Eq. (6), becomes
JBCMtot ω˙e − S
(
JBCMtot ωˆ
)
ωe +Krωe =
[
dres + ∆J
BCM
tot ω˙r − S
(
∆JBCMtot ωˆ
)
ωr
]
︸ ︷︷ ︸
dres,1
, (10)
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where ωe = (ωˆ − ωr). The new resultant disturbance, dres,1 is different from dres used in Eq. (6). Let us
first show that the control law indeed globally exponentially stabilizes the closed-loop system, without the
resultant disturbance dres,1. The virtual dynamics of y, derived from Eq. (10) without dres,1, is given as
JBCMtot y˙ − S
(
JBCMtot ωˆ
)
y +Kry = 0 , (11)
where y has y = ωe and y = 0 as its two particular solutions. After we obtain the dynamics of the
infinitesimal displacement at fixed time, δy from (11), we perform the squared-length analysis:
d
dt
(
δyTJBCMtot δy
)
= −2δyTKrδy ≤ −2λmin(Kr)
λmax(J
BCM
tot )
(
δyTJBCMtot δy
)
. (12)
Hence, it follows from the contraction analysis (Lemma 3 in Ref. 22) that all system trajectories of (11)
converge exponentially fast to a single trajectory (i.e., δy → 0 and ωe → 0 ) at a rate of λmin(Kr)
λmax(J
BCM
tot )
.
In the presence of bounded resultant disturbance dres,1, it follows from Lemma 4 in Ref. 13 that:
lim
t→∞
∫ ωe
0
‖δy‖2 ≤ λmax(J
BCM
tot )
λmin(Kr)λmin(J
BCM
tot )
sup
t
‖dres,1‖2 (13)
Hence the dynamics of the closed-loop system is bounded in the presence of bounded resultant disturbance
dres,1. We now prove that convergence of ωe → 0 implies convergence of the system’s trajectory to the
desired trajectory (qˆ → qd). It follows from the definition of ωr that:
ωe = Z
−1(qˆ)( ˙ˆq − q˙d) +Z−1(qˆ)Λr(qˆ − qd) = Z−1(qˆ)(q˙e + Λrqe) , (14)
where qe = (qˆ− qd). In the absence of ωe, all system trajectories of δqe will converge exponentially fast to
a single trajectory (δqe → 0) with a rate of λmin(Λr), where the virtual displacement δqe is an infinitesimal
displacement at fixed time. In the presence of ωe, it follows from Lemma 413 that:
lim
t→∞
∫ qe
0
‖δqe‖2 ≤
1
λmin(Λr)
sup
t
‖Z(qˆ)ωe‖2
≤ λmax(J
BCM
tot )
λmin(Λr)λmin(Kr)λmin(J
BCM
tot )
(
sup
t
σmax(Z(qˆ))
)(
sup
t
‖dres,1‖2
)
. (15)
Hence we have shown, by constructing a hierarchically-combined closed-loop system of ωe and qe, that the
attitude trajectory q will globally exponentially converge to a bounded error ball around the desired trajectory
qd(t). Moreover, it follows from Lemma 4
13 that this control law is finite-gain Lp stable and input-to-state
stable (ISS). Hence the control gains Kr and Λr can be designed such that the error bounds εtrans and εss in
Eqs. (7-8) are satisfied. 
The desired attitude trajectory qd(t) can be any reference trajectory that we would like the system to track.
WThe actual thruster inputs uˆ are generated from this control torque input uc using the Moore–Penrose
pseudoinverse of Bˆ.
Relation to Nonlinear Tracking Control using Euler-Lagrangian Systems
In this section, we compare the robust nonlinear tracking control law Eq. (9) with the well-known ro-
bust nonlinear tracking control for Euler-Lagrangian (EL) systems.14 Let us first state the EL system with
uncertainty, which is a combined representation of the attitude kinematics and dynamics of the system:
Mˆ(qˆ)¨ˆq + Cˆ(qˆ, ˙ˆq) ˙ˆq = τˆ c + τ res , (16)
where τˆ c = Z−T (qˆ)uc , Mˆ(qˆ) = Z−T (qˆ)JˆBCMtot Z
−1(qˆ) ,
Cˆ(qˆ, ˙ˆq) = −Z−T (qˆ)JˆBCMtot Z−1(qˆ)Z˙(qˆ)Z−1(qˆ)−Z−T (qˆ)S
(
JˆBCMtot Z
−1(qˆ) ˙ˆq
)
Z−1(qˆ) ,
6
and τ res is the resultant disturbance torque acting on the EL system. Note that
˙ˆ
M(qˆ)−2Cˆ(qˆ, ˙ˆq) in Eq. (16) is
a skew-symmetric matrix, and this property is essential to the stability proof. Let us use a slight modification
of the original robust nonlinear tracking control law Eq. (9), which is given by:
uc = Jˆ
BCM
tot ω˙r − S
(
JˆBCMtot ωˆ
)
ωr −ZT (qˆ)K`Z(qˆ)(ωˆ − ωr) (17)
where K` ∈ R3×3 and Λ` ∈ R3×3 are positive definite constant matrices. Substituting ωr into (17), using
the identity Z˙
−1
(qˆ) = −Z−1(qˆ)Z˙(qˆ)Z−1(qˆ), and multiplying both sides with Z−T (qˆ) gives us:
τˆ c = Mˆ(qˆ)q¨r + Cˆ(qˆ,
˙ˆq)q˙r −K`( ˙ˆq − q˙r) , (18)
where q˙r = q˙d(t) + Λ`(qd(t)− qˆ).
Remark 1. (Advantages of original control law (9) over this control law for EL system (18)): The control
law for EL system (18) extensively uses the measured attitude qˆ and its rate ˙ˆq but does not explicitly use the
measured angular velocity ωˆ. Moreover, the matricesZ(qˆ) andZ−1(qˆ), which might be susceptible to large
fluctuations due to measurement errors in qˆ, are used multiple times in Eq. (18). For example, the actual
control input uc depends on the computed control signal τˆ c in Eq. (18) through the relation uc = ZT (qˆ)τˆ c
as shown in Eq. (16). On the other hand, the original control law (9) directly computes uc.
In Eqs. (17) and (18), the terms ZT (qˆ)K`Z, Mˆ(qˆ), and Cˆ(qˆ, ˙ˆq) strongly couple the three axes motions
using the highly non-diagonal, non-symmetric matrix Z(qˆ). This strong coupling of the three-axis rotational
motions might be undesirable. For example, initially there might be an error in only one axis, but this coupling
will subsequently introduce errors in all three axes. Depending on the inertial matrix, this strong coupling of
three-axis motions can be avoided in the proposed control law Eq. (9). 2
Robust Nonlinear Tracking Control Law with Integral Control
Another benefit of the original robust nonlinear tracking control law Eq. (9) is that it can be augmented
with an integral control term in a straight-forward manner to eliminate any constant external disturbance
while ensuring exponential convergence of the system’s attitude trajectory to the desired attitude trajectory
qd(t).
Theorem 2. For the given desired attitude trajectory qd(t), positive definite constant matrices Km ∈ R3×3
and Λm ∈ R3×3, and (possibly time-varying) uniformly positive definite diagonal matrix KI(t) ∈ R3×3,
we define the following control law:
uc = Jˆ
BCM
tot ω˙r − S
(
JˆBCMtot ωˆ
)
ωr −Km(ωˆ − ωr)−
∫ t
0
KI(ωˆ − ωr)dt , (19)
where ωr = Z−1(qˆ)q˙d(t) +Z
−1(qˆ)Λm(qd(t)− qˆ) .
This control law has the following properties:
(i) This control law always eliminates any constant external disturbance (constant bias) acting on the system.
(ii) If either both KI and K˙I are uniformly positive definite diagonal matrices or KI is a constant positive
definite diagonal matrix, then this control law guarantees global exponential convergence of the system’s tra-
jectory to the desired trajectory qd(t) in the absence of time-varying disturbances or uncertainties. Moreover,
in the presence of such time-varying bounded disturbances or uncertainties, this control law guarantees that
q globally exponentially converge to a bounded error ball around the desired trajectory qd(t). Hence, by
Lemma 4,13 this control law is also finite-gain Lp stable and input-to-state stable (ISS).
Proof: The closed-loop dynamics, which is obtained by substituting uc from Eq. (19) into Eq. (6), is given
by:
JBCMtot ω˙e − S
(
JBCMtot ωˆ
)
ωe +Kmωe +
∫ t
0
KIωedt = dres,1 , (20)
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where ωe = (ωˆ − ωr) and dres,1 is defined in Eq. (10). Let us first show that this control law can eliminate
a constant external disturbance, hence removing dres,1 from Eq. (20) and adding a constant disturbance term
dconst gives us:
JBCMtot ω˙e − S
(
JBCMtot ωˆ
)
ωe +Kmωe +
∫ t
0
KIωedt = dconst . (21)
Differentiating Eq. (21) with respect to time and setting d˙const = 0, we get:
JBCMtot ω¨e +
(
Km − S
(
JBCMtot ωˆ
))
ω˙e +
(
KI − S
(
JBCMtot
˙ˆω
))
ωe = 0 . (22)
If we show that Eq. (22) is contracting, then we prove our claim (i) that the given control law can successfully
eliminate any constant external disturbance acting on the system. In order to prove Eq. (22) is stable, we
consider two cases which depend on the time-varying nature of the matrixKI .
Let us first consider the case where KI is a constant positive definite diagonal matrix. The matrix KI
can be decomposed into KI = K
1
2
IK
1
2
I , where the matrix K
1
2
I is also a constant positive definite diagonal
matrix. Let us introduce the term y1, where y˙1 is defined as y˙1 = K
1
2
I ωe. Then we can write ω˙e as:
ω˙e = −(JBCMtot )−1
(
Km − S
(
JBCMtot ωˆ
))
ωe − (JBCMtot )−1K
1
2
I y1 . (23)
Note that differentiating Eq. (23) with respect to time and substituting y˙1 gives us Eq. (22). Therefore, these
equations can be written in matrix form as:
[
ω˙e
y˙1
]
=
 −(JBCMtot )−1 (Km − S (JBCMtot ωˆ)) −(JBCMtot )−1K 12I
K
1
2
I 0

︸ ︷︷ ︸
F
[
ωe
y1
]
. (24)
Let us define the positive definite matrix Ξ =
[
J
BCM
tot bI
bI I
]
, where b is a constant between 0 < b <
λ
1
2
max(J
BCM
tot ). The symmetric matrix (ΞF )sym =
1
2
(
(ΞF ) + (ΞF )T
)
is given by:
(ΞF )sym = −
 Km+KTm2 − bK 12I b2
[
(JBCMtot )
−1
(
Km − S
(
JBCMtot ωˆ
))]T
b
2 (J
BCM
tot )
−1
(
Km − S
(
JBCMtot ωˆ
))
b
2
(
(JBCMtot )
−1K
1
2
I +K
1
2
I (J
BCM
tot )
−1
)
 .
The sufficient conditions for the matrix (ΞF )sym to be negative definite are:23
− Km +K
T
m
2
+ bK
1
2
I < 0 , −
b
2
(
(JBCMtot )
−1K
1
2
I +K
1
2
I (J
BCM
tot )
−1
)
< 0 , (25)
λmax
(
−Km +K
T
m
2
+ bK
1
2
I
)
λmax
(
− b
2
(
(JBCMtot )
−1K
1
2
I +K
1
2
I (J
BCM
tot )
−1
))
> σ2max
(
− b
2
[
(JBCMtot )
−1
(
Km − S
(
JBCMtot ωˆ
))]T)
. (26)
Eq. (25) is satisfied by 0 < b < λmin(Km+K
T
m)
2λmax(K
1
2
I )
. Eq. (26) is satisfied by b < b3, where b3 is given by:
b3 =
λmax
(
Km+K
T
m
2
)
λmin
(
(J
BCM
tot )
−1K
1
2
I +K
1
2
I (J
BCM
tot )
−1
)
1
2σ
2
max
[
(J
BCM
tot )
−1
(
Km−S
(
J
BCM
tot ωˆ
))]T
+λmin
(
K
1
2
I
)
λmin
(
(J
BCM
tot )
−1K
1
2
I +K
1
2
I (J
BCM
tot )
−1
) . (27)
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Therefore, the matrix (ΞF )sym is negative definite if b is chosen such that 0 < b < min(λ
1
2
max(J
BCM
tot ),
λmin(Km+K
T
m)
2λmax(K
1
2
I )
, b3). Let us define the generalized virtual displacement δz = [δωe, δy1]
T , where δωe and
δy1 are infinitesimal displacements at fixed time. Therefore,
d
dt
(
δzTΞδz
)
= δzT
(
(ΞF ) + (ΞF )T
)
δz ≤ 2λmax((ΞF )sym)‖δz‖22 ≤
2λmax((ΞF )sym)
λmax(Ξ)
(
δzTΞδz
)
.
(28)
Hence, it follows from the contraction analysis that all system trajectories converge exponentially fast to a
single trajectory (δz → 0 and δωe → 0) at a rate of −λmax((ΞF )sym)λmax(Ξ) .13 Moreover, in the presence of bounded
time-varying resultant disturbance dres,1 with bounded d˙res,1, we get from Lemma 413 that:
lim
t→∞
∫ ωe
0
‖δωe‖2 ≤ (b+ 1)λmax(Ξ)−λmax((ΞF )sym)
(
sup
t
λmax(K
− 12
I )
)(
sup
t
‖d˙res,1‖2
)
. (29)
where ‖δωe‖2 ≤ ‖δz‖2 and λmin(Ξ) > 1 are used. Also, note that the disturbance term in the righthand
side of (24) is (0;−K− 12I d˙res,1). The fact that convergence of ωe → 0 implies convergence of the system’s
trajectory to the desired trajectory (qˆ → qd) is already presented in the proof of Theorem 1.
Let us now consider the case where both KI and K˙I are uniformly positive definite diagonal matrices.
The matrix K˙I can also be decomposed into K˙I = K˙
1
2
I K˙
1
2
I . Let us introduce another term y2, where y˙2 is
defined as:
y˙2 = K
1
2
I ωe −K
− 12
I K˙
1
2
I y2 . (30)
Once again, ω˙e can be written in a form similar to that of Eq. (23). The matrix form of these equations is
given by: [
ω˙e
y˙2
]
=
 −(JBCMtot )−1 (Km − S (JBCMtot ωˆ)) −(JBCMtot )−1K 12I
K
1
2
I −K
− 12
I K˙
1
2
I

︸ ︷︷ ︸
F˜
[
ωe
y2
]
(31)
Clearly, the symmetric part of the matrix ΞF˜ is negative definite. Therefore,
d
dt
(
δzTΞδz
)
= δzT
(
(ΞF˜ ) + (ΞF˜ )T
)
δz ≤ 2λmax((ΞF˜ )sym)‖δz‖22 ≤
2λmax((ΞF˜ )sym)
λmax(J
BCM
tot )
(
δzTΞδz
)
,
(32)
where (ΞF˜ )sym =
(ΞF˜ )+(ΞF˜ )T
2 . Also, λmax((ΞF˜ )sym) < 0 and is bounded as λmax((ΞF˜ )sym) ≤
−min
(
λmin(Km), inft
(
λmin(K
− 12
I K˙
1
2
I )
))
. Hence, it follows from the contraction analysis that all sys-
tem trajectories converge exponentially fast to a single trajectory at a rate of −λmax((ΞF˜ )sym)
λmax(J
BCM
tot )
. Moreover, in
the presence of bounded dres,1 and d˙res,1, we get from Lemma 413 that:
lim
t→∞
∫ ωe
0
‖δωe‖2 ≤ λmax(J
BCM
tot )
−λmax((ΞF˜ )sym)
(
sup
t
λmax(K
− 12
I )
)(
sup
t
‖d˙res,1‖2
)
. (33)
where ‖δωe‖2 ≤ ‖δz‖2 and λmin(JBCMtot ) > 1 are used. Also, note that the disturbance term in the righthand
side of (31) is (0;K−
1
2
I d˙res,1). 
Nonlinear Adaptive Control
It is known that adaptive control can be interpreted as an intergral control scheme. Hence, the stability
characteristic of an adaptive control version of the proposed Eq. (9) is similar to that of the integral control.
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Let the parameter aˆ capture the six uncertain terms in the inertia tensor JBCMtot . The resulting adaptive
nonlinear tracking control law and the tuning law are given by:14
uc = Y aˆ−Kr(ωˆ − ωr) , ˙ˆa = −ΓrProj
(
aˆ,Y T (ωˆ − ωr)
)
, (34)
where Y aˆ = JˆBCMtot ω˙r − S
(
JˆBCMtot ωˆ
)
ωr, ωr is defined in Eq. (9), and Γr ∈ R6×6 is a positive-definite
diagonal matrix. The stability result of adaptive control, unless we add a damping term to the adaptation
law, is only globally asymptotic because its closed-loop system of the states (ωe, aˆ)T yields a negative
semidefinite Jacobian matrix
[−Kr 0
0 0
]
, similar to Eq. (24) of the integral control.
Robust Nonlinear Tracking Control Law on SO(3)
The rotation matrix (R ∈ SO(3)) is a global and unique attitude representation. The nonlinear tracking
control law Eq. (9) guarantees global exponential stability where the meaning of global convergence is valid
on the domain of the particular attitude representation q (e.g., MRP, Euler angles, and quaternions) used for
the control law. In this section, we present a variation of Eq. (9) that exponentially stabilizes the attitude
dynamics from almost all initial conditions on SO(3), i.e., all initial conditions except those starting from a
two-dimensional subset of SO(3).
It is shown in Ref. 24 that even global asymptotic convergence is not possible for any continuous feedback
control law in SO(3). An almost-globally asymptotically stabilizing control law on SO(3) is discussed in
Ref. 25. In this paper, we present a novel control law that guarantees exponential convergence to the desired
trajectory for almost all initial conditions on SO(3). Another control law that also guarantees almost-global
exponential convergence is presented in Ref. 21, but our control law and proof techniques are substantially
different from the Lyapunov-based approach used in Ref. 21.
Let Rd(t) ∈ SO(3) denote the desired attitude trajectory, which is obtained from the desired attitude
trajectory qd(t). Let the inverse of the S(·) map be the ∨(·) map, whose input is a skew-symmetric matrix
and is defined as ∨(S(ω)) = ω. Let us now define the following notations:21
eRˆ =
1
2
√
1 + tr(RTd Rˆ)
(
∨
(
RTd Rˆ− RˆTRd
))
, eωˆ = ωˆ − RˆTRd
(
∨
(
RTd R˙d
))
, (35)
where tr(·) is the trace of the matrix. Here eRˆ represents the attitude error vector between the current mea-
sured attitude Rˆ and the desired attitude Rd. For any RTd Rˆ, its trace is bounded by −1 ≤ tr(RTd Rˆ) ≤ 3.
Hence eRˆ is not defined only on the two-dimensional subset of SO(3) where tr(R
T
d Rˆ) = −1, i.e., Rˆ =
Rd exp(±piS(κ)), where κ ∈ S2.21 Finally, let us define the matrix E(Rˆ,Rd) as follows:21
deRˆ
dt
=
1
2
√
1 + tr(RTd Rˆ)
(
tr(RˆTRd)I− RˆTRd + 2eRˆeTRˆ
)
eωˆ = E(Rˆ,Rd)eωˆ . (36)
Theorem 3. For the given desired attitude trajectory Rd(t) ∈ SO(3) and positive definite matrices Ke ∈
R3×3 and Λe ∈ R3×3, we define the following control law:
uc = Jˆ
BCM
tot ω˙r − S
(
JˆBCMtot ωˆ
)
ωr −Ke(ωˆ − ωr) , (37)
where ωr = RˆTRd
(
∨
(
RTd R˙d
))
−ΛeET (Rˆ,Rd)eRˆ .
In the absence of disturbances or uncertainties, this control law guarantees exponential convergence of the
system’s trajectory R(t) ∈ SO(3) to the desired trajectory Rd(t) for almost all initial conditions, i.e., all
initial conditions that are not on the two-dimensional subset of SO(3) where Rˆ(0) = Rd(0) exp(±piS(κ)),
where κ ∈ S2. Moreover, in the presence of bounded disturbances or uncertainties, this control law guaran-
tees the system’s trajectory will exponentially converge to a bounded error ball around the desired trajectory
Rd(t).
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Proof: The closed-loop dynamics obtained by substituting uc from Eq. (37) into Eq. (6) is the same as
Eq. (10) in the proof of Theorem 1. Hence we can directly conclude from that proof that all system trajectories
of ωe converge exponentially fast to a single trajectory (ωe → 0) at a rate of λmin(Ke)
λmax(J
BCM
tot )
. Moreover, in the
presence of bounded resultant disturbance dres,1, limt→∞
∫ ωe
0
‖δy‖2 is bounded by Eq. (13).
Now let us show that convergence of ωe implies convergence of the system’s trajectory to the desired
trajectory (eRˆ → 0). It follows from the definition of ωr that:
ωe = ωˆ − RˆTRd
(
∨
(
RTd R˙d
))
+ ΛeE
TeRˆ = E
−1
(
e˙Rˆ +EΛeE
TeRˆ
)
. (38)
In the absence of ωe, all system trajectories of δeRˆ will converge exponentially fast to a single trajectory
(δeRˆ → 0) with a rate of λmin(EΛeET ), where EΛeET is also a positive definite matrix. In the presence
of ωe, it follows from Lemma 413 that:
lim
t→∞
∫ eRˆ
0
‖δeRˆ‖2 ≤
λmax(J
BCM
tot )
λmin(EΛeE
T )λmin(Ke)λmin(J
BCM
tot )
(
sup
t
σmax(E)
)(
sup
t
‖dres,1‖2
)
. (39)
Note that ‖eRˆ‖2 → ∞ if Rˆ → Rd exp(±piS(κ)), where κ ∈ S2. On the other hand, for any valid initial
condition, ‖eRˆ‖2 is always bounded and exponentially decreasing till it reaches the error ball. This implies
that once the system starts from a valid initial condition, it can never go towards the two-dimensional subset
of SO(3) due to exponential convergence. Hence we have shown, using a hierarchical closed-loop system,
that the attitude error vector eRˆ exponentially converges to the error bound for almost all initial conditions
(except those initial conditions in the two-dimensional subset of SO(3)). 
Design of Fuel-Optimal Desired Attitude Trajectories
In this section, we design the desired (reference) attitude trajectory qd(t) so that the asteroid and spacecraft
combination stabilizes and reaches the desired attitude orientation qfinal in a fuel-optimal fashion. We will
present a reduced optimal control problem that can substantially simplify the original nonlinear optimal
control problem:
min
qd(t),ωd(t),ud(t)
∫ tfinal
0
‖ud(t)‖1dt , (40)
subject to JˆBCMtot ω˙d(t)−
(
JˆBCMtot ωd(t)
)
× ωd(t)− Bˆud(t) = 0 , (41)
q˙d(t) = Z(qd(t))ωd(t), qd(0) = qinit , qd(tfinal) = qfinal , (42)
‖ud(t)‖∞ ≤ umax , ‖ωd(t)‖2 ≤ εtrans , ωd(0) = ωinit , ωd(tfinal) = 0 (43)
where ωd(t) and ud(t) are the fuel-optimal angular velocity and thruster input trajectories.
It is shown in Fig. 3(e) that a comparatively negligible amount of fuel is needed for orientating the system
to the desired attitude after the angular velocity of the system has stabilized. In this paper, we first find only
the fuel-optimal angular velocity trajectory that stabilizes the system and control the system using this desired
trajectory. Once the angular velocity of the system is sufficiently close to zero, we augment this fuel-optimal
angular velocity trajectory to achieve convergence to the desired attitude. The desired fuel-optimal angular
velocity trajectory ωd(t) is obtained by solving the following reduced optimal control problem:
min
ωd(t),ud(t)
∫ tfinal
0
‖ud(t)‖1dt , subject to Eqs. (41) and (43) (44)
Since the reduced optimal control problem to find ωd(t) in Eq. (44) has fewer constraints compared to the
full optimal control problem to find both qd(t) and ωd(t) in Eq. (40), it is guaranteed that the solution of
the reduced problem in Eq. (44) consumes less fuel than the full problem in Eq. (40). The desired attitude
trajectory qd(t) is then obtained using the following equations:
q˙d(t) = Z(qd(t))ωd(t) , q¨d(t) = Z˙(qd(t))ωd(t) + Z(qd(t))ω˙d(t) . (45)
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Note that the desired attitude trajectory qd(t) obtained using Eq. (45) only stabilizes the angular velocity of
the system. Once the angular velocity of the system is sufficiently close to zero, the desired angular velocity
trajectory ωd(t) is augmented with a position error term so that the system’s attitude converges to the desired
attitude:
ω˜d(t) = ωd(t)− kqdZ(qd(t))−1(qd(t)− qfinal) , (46)
where kqd > 0. The desired attitude trajectory qd(t) is then obtained from the augmented angular velocity
ω˜d(t) using the following equations:
q˙d(t) = Z(qd(t))ω˜d(t) = Z(qd(t))ωd(t)− kqd(qd(t)− qfinal) , (47)
q¨d(t) =
d
dt
Z(qd(t))ω˜d(t) = Z˙(qd(t))ωd(t) + Z(qd(t))ω˙d(t)− kqdq˙d(t) . (48)
These equations are initialized and periodically reset using the current attitude and angular velocity measure-
ments.
Design of Desired Attitude Trajectories using Derivative plus Proportional-Derivative Control
In this section, we first state the derivative plus proportional-derivative (D+PD) control strategy, which
uses derivative control followed by proportional-derivative control. We then design another desired attitude
trajectory qd(t) for the nonlinear attitude tracking control laws, based on the D+PD control strategy. As
shown later, such a desired trajectory is especially useful for minimizing the resultant disturbance torque in
the presence of large modeling errors (e.g., large ∆JBCMtot ).
In the D+PD control strategy, we first use the derivative (rate damping) linear control law that guarantees
global exponential stability for despinning the tumbling asteroid and spacecraft combination. It is seen that
the majority of the control effort (fuel cost) is used for despinning the tumbling system. Once the angular
velocity (spin rate) of the asteroid and spacecraft combination is sufficiently close to zero, the D+PD control
strategy switches to a linear PD control law to stabilize the attitude of the asteroid and spacecraft combination
in the desired orientation. Note that the proportional-derivative linear control law only guarantees global
asymptotic stability of the system. Hence, the error in the system’s trajectory may not be bounded for certain
class of disturbances.20
Theorem 4. [15, 26, 27] (i) For the positive-definite symmetric matrix Kd ∈ R3×3, the derivative (rate
damping) control law is given by:
uc = −Kdωˆ , (49)
In the absence of disturbances or uncertainties, this control law guarantees exponential convergence of the
system’s angular velocity to 0 rad sec−1. In the presence of resultant disturbance torque, this control law
guarantees the system’s angular velocity trajectory will globally exponentially converge to a bounded error
ball around 0 rad sec−1.
(ii) For the positive-definite symmetric matrix Kd ∈ R3×3 and the constant kp > 0, the proportional-
derivative control law is given by:
uc = −kpβerror,v −Kdωˆ , (50)
where the error quaternion (βerror,v,βerror,4) ∈ R3 × R represents the orientation error of FB with respect
to the desired target attitude βfinal. This control law only guarantees global asymptotic convergence of the
system’s trajectory to the desired trajectory qd(t) in the absence of disturbances or uncertainties.
The global asymptotic stability of the proportional-derivative control law for the EL system (16) is also
given in Refs. 14, 28. It is seen that the D+PD control strategy experiences a smaller resultant disturbance
torque even in the presence of large ∆JBCMtot . Hence, we now present the design of a resultant disturbance
minimizing desired attitude trajectory for the nonlinear attitude tracking control law Eq. (9).
The desired trajectory is basically broken into two phases. In the first phase, similar to the D+PD control
strategy, the desired attitude trajectory is such that ωr = 0 in Eq. (9) if the magnitude of the system’s angular
velocity is large. This ensures that the robust nonlinear tracking control law Eq. (9) effectively reduces to the
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linear derivative control law Eq. (49) with the same global exponential tracking stability and the resultant
disturbance during this stage is as small as that of the D+PD control strategy.
In the second phase, once the angular velocity of the asteroid and spacecraft combination is sufficiently
close to zero, we use the following desired attitude trajectory for the nonlinear tracking control law Eq. (9):
qd(t) = qfinal , q˙d(t) = 0 , ∴ ωr = Z−1(qˆ)Λr(qfinal − qˆ). (51)
Note that this ensures that the system’s attitude globally exponentially converges to the desired final attitude
and the system is robust to disturbances. Since the actual angular velocity of the system is small, the resultant
disturbance torque is also small even in the presence of large modeling error in ∆JBCMtot .
In this section, we presented a novel robust nonlinear tracking control law, discussed a number of exten-
sions of this control law, and discussed two desired attitude trajectories. We study the performance of these
control laws using simulations. In the next section, we conduct a detailed study of the resultant disturbance
torques for these control laws.
IMPACT OF FEED-FORWARD CANCELLATION ON THE RESULTANT DISTURBANCE TORQUE
In this section, we study the resultant disturbance torque for the different control laws. When a control
law acts on a system with modeling errors and uncertainties, the control law can only guarantee exponen-
tial/asymptotic stability of the known part of the system. The remaining unknown terms, which the control
law cannot account for, appear as a resultant disturbance torque on the system. We show in Example 1 that
nonlinear control laws that use feed-forward cancellation are not suitable for this mission due to huge resul-
tant disturbance torques. In Proposition 5, we outline a framework for minimizing the resultant disturbance
torque for the robust nonlinear tracking control law Eq. (9).
The D+PD control strategy Eqs. (49,50) has dres (defined in Eq. (6)) as its resultant disturbance torque.
Similarly, the proposed robust nonlinear tracking laws and its extensions have dres,1 (defined in Eq. (10))
as their resultant disturbance torque. The resultant disturbance torque for nonlinear control laws that use
feed-forward cancellation is given by dres,2 =
[
dres −∆JBCMtot ˙ˆω − S
(
∆JBCMtot ωˆ
)
ωˆ
]
.
Example 1. We numerically compare the magnitude of some of the terms in the resultant disturbance torques
dres in Eq. (6), dres,1 in Eq. (10), and dres,2. Table 1 shows this comparison. The magnitude of the disturbance
Table 1. Magnitude of some of the disturbance terms in the resultant disturbance torques
Disturbance Magnitude Disturbance term present in
term (`2 -norm) dres in Eq. (6) dres,1 in Eq. (10) dres,2
∆J
BCM
tot ωˆ × ωˆ 372.8 Nm 7 7 3
∆J
BCM
tot ωˆ × ωr depends onωr 7 3 7
Jˆ
BCM
tot ∆ω × ωˆ 7.8 Nm 3 3 3
∆J
BCM
tot ∆ω × ωˆ 6.3 Nm 3 3 3
Jˆ
BCM
tot ωˆ ×∆ω 10.1 Nm 3 3 3
∆J
BCM
tot ωˆ ×∆ω 7.3 Nm 3 3 3
term (∆JBCMtot ωˆ × ωˆ) in Table 1 is significantly larger than the magnitude of other disturbance terms. If the
maximum control torque that the conceptual ARM spacecraft can generate is ‖τmax‖2 = ‖B1umax‖2 ≈ 103
Nm, then approximately 40% of this control torque is used to just nullify this disturbance term. Hence,
control laws that have the disturbance term (∆JBCMtot ωˆ × ωˆ) in their resultant disturbance torque (like the
feed-forward cancellation based control law) are not suitable for an ARM mission type.
Clearly, dres is the smallest resultant disturbance torque because it does not contain the terms (∆JBCMtot ωˆ×
ωˆ) and (∆JBCMtot ωˆ × ωr). Finally, the magnitude of the resultant disturbance torque dres,1 depends on ωr,
which in turn depends on the desired attitude trajectory. 2
13
The D+PD control strategy, which has dres as its resultant disturbance torque, does not guarantee global
exponential stability (in the absence of disturbances), which is a sufficient condition for satisfying the control
problem statement. Hence we justified the use of the robust nonlinear tracking control law Eq. (9) for this
problem statement. The following proposition provides a framework for choosing the desired attitude trajec-
tory for this nonlinear tracking control law, such that the resultant disturbance torque dres,1 is as small as this
smallest resultant disturbance torque dres.
Proposition 5. Compared to dres, the extra terms in dres,1 (i.e., ∆JBCMtot ω˙r and ∆J
BCM
tot ωˆ × ωr) depend
on ωr, which in turn depends on the desired attitude trajectory of the robust nonlinear tracking control law
Eq. (9). Based on the modeling error in the total inertia tensor of the system ∆JBCMtot , the desired attitude
trajectory is chosen as follows: (i) If the modeling error in ∆JBCMtot is small (i.e., ‖∆JBCMtot ‖2 ≤ 104 kg m2),
then select the fuel-optimal desired attitude trajectory. (ii) Otherwise, select the desired attitude trajectory
obtained from the D+PD control strategy. This will ensure that ‖dres,1‖2 ≈ ‖dres‖2, consequently minimizing
the resultant disturbance torque for the robust nonlinear tracking control law Eq. (9).
Proof: The worst case angular velocity of the system is bounded by 0.5 rpm (≈ 5 × 10−2 rad sec−1) as
shown in Table 2. If the fuel-optimal desired trajectory is used, then ‖ωr‖2 ≈ ‖ωˆ‖2. If the modeling error
is small (i.e., ‖∆JBCMtot ‖2 ≤ 104 kg m2), then ‖∆JBCMtot ωˆ × ωr‖2 ≤ 25 Nm. Neglecting ω˙r, which is
significantly smaller than ωr or ωˆ, we see that ‖dres,1‖2 ≈ ‖dres‖2.
If the D+PD control strategy based desired attitude trajectory is used, then ωr = 0 when ωˆ is large,
therefore ‖∆JBCMtot ωˆ × ωr‖2 = 0 Nm and ‖∆JBCMtot ω˙r‖2 = 0 Nm. If ωˆ is sufficiently close to 0 (i.e.,
‖ωˆ‖2 ≤ 5× 10−4 rad sec−1 as shown in Table 4 and ‖ωr‖2 ≈ ‖ωˆ‖2), and even if the modeling error is very
large (i.e., ‖∆JBCMtot ‖2 ≤ 107 kg m2), we still get ‖∆JBCMtot ωˆ × ωr‖2 ≤ 2.5 Nm. Neglecting ω˙r again, we
see that ‖dres,1‖2 ≈ ‖dres‖2. 
In the next section, the effect of these resultant disturbance torques on the performance of the control laws
is shown using numerical simulations.
SIMULATION RESULTS
In this section, we numerically compare the performance of multiple attitude control laws. The best strat-
egy for allocating thrusts to the eight RCS thrusters, from the calculated control input uc, is to solve the
following optimization problem:
min
uˆ
‖uˆ‖1, subject to Bˆuˆ = uc , ‖uˆ‖∞ ≤ umax (52)
Since all the thrusters generate thrust independently (and there is no gimballing of thrusters), we use the `1
cost function in Eq. (52).29 The optimal thrust allocation problem in Eq. (52) can be solved at every time
instant using linear programming. Instead, in this paper, we use the Moore–Penrose pseudoinverse of Bˆ to
allocate thrusts to the eight RCS thrusters as shown below:
uˆ = Bˆ
T
(
BˆBˆ
T
)−1
uc . (53)
Note that we use the right-pseudoinverse since the matrix Bˆ has full row rank and the matrix inverse(
BˆBˆ
T
)−1
is well defined. We do not recommend using the left-pseudoinverse since the matrix
(
Bˆ
T
Bˆ
)
is
usually near singular and hence its inverse may not be defined. Moreover, if optimal thrust allocation problem
in Eq. (52) returns an infeasible solution due to actuator saturation, then the solution from Eq. (53) is used
with adequate rescaling.
The resulting control input u is then sent to the plant. The fuel consumed by the conceptual ARM space-
craft, from time t0 to tf , is computed using the following equation:
Fuel consumed =
1
Isp g0
∫ tf
t0
‖u‖1dt , (54)
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where Isp is the specific impulse of the fuel in the RCS thrusters (i.e., 287 sec for the conceptual ARM
spacecraft5) and g0 is the nominal acceleration due to the gravity (i.e., 9.8 m sec−2).
Table 2. Simulation parameters (that are same for all simulation cases)
Type of Parameter Value
Conceptual ARM Spacecraft
Parameters
msc = 1.6 × 104 kg, rSCM/SO = [ 0 0 3.0 ] m,
J
SCM
sc = 10
4 ×
 5.584 0 00 5.584 0
0 0 1.568
 kg m2 ,
Asteroid Parameters
mast = 1.2 × 106 kg, ρast = 1.9 g cm−3, Shape model: Eros,
J
BCM
ast = 10
7 ×
 0.8658 0.4432 −0.00050.4432 3.4900 0.0002
−0.0005 0.0002 3.5579
 kg m2 ,
rSO/BCM = [ −0.0495 −0.0004 3.5456 ] m,
External Disturbance
Actuator Error ‖dext‖2 ≈ 1 Nm, ∆u = 0 N,
Initial Conditions qinitial = [ 0.05 0.04 0.03 ],ωinitial = [ 0.01 0.02 0.03 ] rad sec
−1 ,
Desired Final
Conditions Eqs. (7,8)
‖ω(t)‖2 ≤ 0.5 rpm, ∀t ∈ R, qfinal = [ 0 0 0 ],
‖q(t) − qfinal‖2 ≤ 10−2, ∀t > 105 sec, ‖ω(t)‖2 ≤ 10−4 rad sec−1, ∀t > 105 sec,
We assume that the ARM spacecraft captures the 1.2 × 106 kg asteroid and stabilizes the rigid asteroid
and spacecraft combination from the given initial conditions to the desired final conditions. The simulation
parameters, which are the same for all simulation cases, like the inertia tensors of the asteroid and spacecraft,
initial and final conditions, etc. are given in Table 2. We assume that the actuators of the ARM spacecraft
are precisely calibrated, hence there is no actuator error. In Table 3, we state the seven simulation cases
considered in this study. These simulation cases are based on varying levels of: (i) modeling uncertainties in
the estimated inertia tensor of the asteroid (∆JBCMast ), (ii) modeling uncertainties in the vector from the base
of the ARM-spacecraft’s body to the center of mass of the system (∆rSO/BCM ), (iii) measurement errors in
the system’s angular velocity (∆ω), (iv) measurement errors in the system’s attitude represented using MRP
(∆q), and (v) actuator saturations (umax). Each simulation is executed for 105 sec (≈ 28 hours). In Table 3,
the additive measurement errors (∆ω, ∆q) are simulated using band-limited white noise where P(·) specifies
the height of the power spectral density of the white noise, which is the same for each axis. Note that in Case
4, the maximum thrust magnitude of each thruster (umax) is increased to 1000 N to avoid actuator saturation.
We compare the performance of the following attitude control laws: (i) Robust nonlinear tracking control
law (Robust NTCL) Eq. (9), (ii) Adaptive version of the robust nonlinear tracking control law (Adaptive
RNTCL) Eq. (34), (iii) Robust nonlinear tracking control law for Euler-Lagrangian systems (Robust NTCL
for EL) Eq. (18), and (iv) Derivative plus proportional-derivative (D+PD) control strategy Eqs. 49,50). For
the tracking control laws, both the fuel-optimal desired attitude trajectory and D+PD control strategy based
desired attitude trajectory are considered. The control law parameters and the parameters for these two desired
attitude trajectories are given in Table 4.
The performance of these control laws for the seven simulation are shown in Table 5, where the following
terms are used: (a) The angular velocity convergence time tω,conv denotes the least time instant after which
the system’s angular velocity ω(t) is always below the given threshold of 10−4 rad sec−1, i.e., ‖ω(t)‖2 ≤
10−4 rad sec−1, ∀t > tω,conv. (b) The attitude convergence time tq,conv denotes the least time instant after
which the error in the EL system’s attitude ‖q(t)− qfinal‖2 is always below the given threshold of 10−2, i.e.,
‖q(t)− qfinal‖2 ≤ 10−2, ∀t > tq,conv. Note that after time tq,conv, the attitude control law can be switched off
because the asteroid and spacecraft combination has been three-axis stabilized in the final desired orientation.
The fuel consumed up to time tω,conv and tq,conv are also shown. (c) The symbol NC or “Not Converged”
refers to the case when the control law is not able to stabilize the system, which is usually due to actuator
saturation.
In the absence of measurement errors and modeling uncertainties (see Case 1), the robust nonlinear tracking
control law for EL systems Eq. (18) tracks the fuel-optimum reference trajectory and consumes the least
amount of fuel among all the control laws. The robust nonlinear tracking control law Eq. (9) also consumes
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Table 3. Time-varying simulation parameters for the simulation cases
Case Modeling Uncertainties Measurement Errors Actuator Sat.
‖∆JBCMast ‖2 (kg m2 ) ‖∆r
SO/BCM ‖2 (m) P(∆ω) (rad2 sec−2 ) P(∆q) umax (N)
1. 0 0 0 0 200
2. 105 10−2 0 0 200
3. 106 10−1 0 0 200
4. 107 1 0 0 1000
5. 0 0 10−12 10−8 200
6. 0 0 10−10 10−6 200
7. 107 1 10−10 10−6 200
Table 4. Control law parameters and desired attitude trajectory parameters
Type of Parameter Value
Robust NTCL Eq. (9) Kr = 10
4 × I, Λr = 10−3 × I,
Adaptive RNTCL Eq. (34) Kr = 10
4 × I, Λr = 10−3 × I, Γr = 1012 × I
Robust NTCL for EL Eq. (18) K` = 10
4 × I, Λ` = 10−3 × I,
D+PD Control Strategy Eqs. (49,50)
Kd = 10
4 × I, kp = 10, Switch from derivative
to proportional-derivative when ‖ωˆ(t)‖2 ≤ 5 × 10−4 rad sec−1 .
Fuel-optimal desired attitude trajectory
Desired angular velocityωd(t) is obtained by solving Eq. (44) using the GPOPS-II numerical solver
30
Desired trajectory qd(t) obtained using Eqs. (45). When ‖ωˆ(t)‖2 ≤ 5 × 10−4 rad sec−1 , switch to
angular velocity ω˜d(t) in Eq. (46) with kqd = 10
−4 , desired trajectory qd(t) obtained using Eqs. (47,48).
D+PD control strategy based
desired attitude trajectory
Start withωr = 0. When ‖ωˆ(t)‖2 ≤ 5 × 10−4 rad sec−1 , switch to desired trajectory
qd(t) = qfinal in Eq. (51), thereforeωr = Z
−1(qˆ)Λr(qfinal − qˆ).
less fuel, and the simulation results for this case are shown in Fig. 3(a,c,e). Fig. 3(e) also shows the
fuel consumption for the case where the fuel-optimal ωd(t) trajectory is not augmented (i.e., kqd = 0)
and consequently only the angular velocity of the system converges. We can infer from this plot that a
comparatively negligible amount of fuel (≈ 1 kg) is used for stabilizing the attitude of the asteroid and
spacecraft combination using the augmented angular velocity ω˜d(t) in Eq. (46).
We conclude from Cases 2 and 3 that in the absence of measurement errors and under minor modeling un-
certainties, which can be achieved using online system identification techniques, the robust nonlinear tracking
control law is the best strategy because it guarantees exponential convergence to the fuel-optimal reference
trajectory and consumes the least fuel. One caveat of using this control law is that the nonlinear optimal
control problem in Eq. (44) should be solved in real time for the given initial angular velocity ωinitial and the
estimated inertia tensor of the asteroid and spacecraft combination JˆBCMtot . Case 4 shows that the nonlinear
control laws, which track the fuel-optimal desired attitude trajectory, consume significantly more fuel than
the control laws that track the D+PD control strategy based desired attitude trajectory, due to the large resul-
tant disturbance torque. Note that the angular velocity convergence times (tω,conv) of the nonlinear control
laws for Cases 1–4 are different because different values of JˆBCMtot are used in the nonlinear optimal control
problem (44) to obtain the fuel-optimal desired attitude trajectories (ωd(t), qd(t)).
In Cases 5–7, a simple filtering algorithm is used to remove the additive noise from the measured states.
In this filtering algorithm, the states (ω, q) are first predicted using the nonlinear dynamics and kinematics
equations and state values from the previous time instant. Then the errors between the measured states and
the predicted states are filtered using a low-pass filter (first order filter with transfer function
ωcutoff
s+ ωcutoff
,
where ωcutoff = 0.02pi rad sec−1) to remove the high frequency components arising from the noise. Finally
the filtered errors are added to the predicted states to retrieve the estimated states (ωˆ, qˆ).
Cases 5 and 6 show that the robust nonlinear control law Eq. (9), tracking the fuel-optimal trajectory,
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Table 5. Performance of control laws for the simulation cases, where the fuel-optimal and D+PD based
desired attitude trajectories are used
Fuel-optimal trajectory D+PD based trajectory
Case
Convergence
Time and
Fuel Consumed
Robust
NTCL
Eq. (9)
Adaptive
RNTCL
Eq. (34)
Robust
NTCL for EL
Eq. (18)
Robust
NTCL
Eq. (9)
Adaptive
RNTCL
Eq. (34)
D+PD
Control Strategy
Eqs. (49,50)
tω,conv (sec) 4.44 × 104 4.53 × 104 4.44 × 104 2.34 × 104 2.34 × 104 3.08 × 104
1. Fuel at tω,conv (kg) 96.2 121.7 78.7 135.2 135.1 120.2
tq,conv(sec) 8.08 × 104 8.06 × 104 8.65 × 104 3.01 × 104 2.93 × 104 4.31 × 104
Fuel at tq,conv (kg) 96.6 122.1 79.1 135.5 135.3 121.4
tω,conv (sec) 5.23 × 104 5.32 × 104 5.21 × 104 2.35 × 104 2.35 × 104 3.16 × 104
2. Fuel at tω,conv (kg) 82.7 113.0 78.3 134.3 134.1 120.6
tq,conv(sec) 8.57 × 104 8.57 × 104 8.70 × 104 3.03 × 104 2.95 × 104 4.31 × 104
Fuel at tq,conv (kg) 83.1 113.4 78.7 134.5 134.3 121.7
tω,conv (sec) 2.30 × 104 2.37 × 104 2.30 × 104 2.38 × 104 2.38 × 104 3.41 × 104
3. Fuel at tω,conv (kg) 138.9 130.2 116.8 127.9 127.8 121.0
tq,conv(sec) 5.56 × 104 5.59 × 104 5.80 × 104 3.07 × 104 2.97 × 104 4.84 × 104
Fuel at tq,conv (kg) 139.4 130.8 117.3 128.2 128.1 121.6
tω,conv (sec) 2.86 × 104 3.06 × 104 2.71 × 104 2.07 × 104 2.07 × 104 2.80 × 104
4. Fuel at tω,conv (kg) 1220.1 814.7 753.4 115.1 115.2 116.1
tq,conv(sec) 6.04 × 104 6.14 × 104 7.24 × 104 2.61 × 104 2.52 × 104 4.16 × 104
Fuel at tq,conv (kg) 1220.3 814.9 753.7 115.6 115.6 117.5
tω,conv (sec) 4.53 × 104 4.53 × 104 4.53 × 104 2.34 × 104 2.34 × 104 3.08 × 104
5. Fuel at tω,conv (kg) 96.2 122.0 78.8 135.3 135.1 120.2
tq,conv(sec) 8.06 × 104 8.06 × 104 8.63 × 104 3.01 × 104 2.93 × 104 4.31 × 104
Fuel at tq,conv (kg) 96.5 122.3 79.2 135.5 135.3 121.5
tω,conv (sec) 4.53 × 104 4.53 × 104 4.52 × 104 2.34 × 104 2.34 × 104 3.08 × 104
6. Fuel at tω,conv (kg) 94.6 124.4 80.0 135.2 135.0 120.2
tq,conv(sec) 8.00 × 104 8.02 × 104 8.55 × 104 3.01 × 104 2.93 × 104 4.32 × 104
Fuel at tq,conv (kg) 95.3 125.1 80.7 135.5 135.3 121.5
tω,conv (sec) NC‡‡ NC‡‡ NC‡‡ 2.05 × 104 2.05 × 104 2.76 × 104
7. Fuel at tω,conv (kg) 114.6 114.6 115.9
tq,conv(sec) NC‡‡ NC‡‡ NC‡‡ 2.59 × 104 2.52 × 104 4.11 × 104
Fuel at tq,conv (kg) 115.1 115.1 117.3
consumes less fuel than the D+PD control strategy based control laws in the presence of small measurement
errors. But Case 7 shows that this robust nonlinear control law Eq. (9) cannot stabilize the system in the
presence of both large measurement errors and large modeling errors, due to the large resultant disturbance
torque.
If we use the resultant disturbance torque minimizing, D+PD control strategy based desired attitude tra-
jectory, then the robust nonlinear control law Eq. (9) can stabilize the system in the presence of both large
measurement errors and large modeling errors, as shown in Case 7. Moreover, the fuel consumed and the time
of convergence do not change much with uncertainties and errors, as seen in Cases 1–7. Moreover, Case 7 in
Table 3 shows the worst case measurement errors for the desired convergence bounds because if the measure-
ment errors (noise levels) increase above the values, then the instantaneous magnitude of the measurement
errors become comparable to the desired convergence bounds in Table 2 and the ARM spacecraft expends
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Figure 3. Simulation results of the robust nonlinear tracking control law Eq. (9) for
Cases 1 and 7 are shown. The plots show the trajectories of the angular velocity ω(t),
the attitude represented using MRP q(t), and the fuel consumed with respect to time.
The angular velocity convergence time tω,conv, the attitude convergence time tq,conv,
and the corresponding fuel consumption are also shown.
fuel continuously to counter these errors. Therefore these uncertainty and error limits place requirements on
the technical capabilities of the sensors and actuators on board the actual ARM spacecraft.
The simulation results (trajectories) of the robust nonlinear tracking control law Eq. (9) for Case 7 are
shown in Fig. 3(b,d,f). Note that the net fuel consumed (≈ 120 kg) after 105 sec is comfortably within the fuel
capacity of the conceptual ARM spacecraft (i.e., 900 kg5). Figure 3(f) also shows the fuel consumption for the
case where only the derivative (rate damping) control law Eq. (49) is used for the entire time and consequently
only the angular velocity of the system converges. We can infer from this plot that a comparatively negligible
amount of fuel (≈ 5 kg) is used by the proportional term in Eq. (51) for stabilizing the attitude of the asteroid
and spacecraft combination.
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CONCLUSIONS
We presented a new robust nonlinear tracking control law that guarantees global exponential convergence
to the desired attitude trajectory and guarantees bounded tracking errors (such as finite-gain Lp stability and
input-to-state stability) in the presence of disturbances. The development of such a nonlinear control law was
motivated by the challenge of despinning stabilization and three-axis attitude control of a tumbling asteroid
and spacecraft combination that possesses large modelling uncertainty. The benefits of this new control law
include superior robustness due to no feed-forward cancellation and straightforward extensions to integral
control and various attitude representations such as SO(3). We then presented a detailed study of the resultant
disturbance torques obtained by various attitude control law types and concluded that the control laws that
use no feed-forward cancellation produce a smaller disturbance torque in the closed-loop system.
We also discussed techniques for obtaining fuel-optimal or resultant disturbance torque minimizing de-
sired attitude trajectories for these tracking control laws. We then numerically compared the performance
of multiple control laws, such as the proposed robust nonlinear tracking control law, adaptive control, the
robust tracking control law for EL systems, and the D+PD linear control strategy. We illustrated that in the
presence of small measurement errors and under small modeling uncertainties, which can be achieved using
online system identification, the robust nonlinear tracking control law is the best strategy because it tracks
the fuel-optimal reference trajectory and consumes the least amount of fuel. We also showed that a compara-
tively negligible amount of fuel (≈ 1 kg) is needed for orientating the system to the desired attitude after the
angular velocity of the system is stabilized. One caveat of using nonlinear control tracking an optimal attitude
trajectory is that the spacecraft should have sufficient computational power for online system identification
and real time fuel-optimal trajectory generation.
On the other hand, in the presence of large modeling uncertainties, measurement errors, and actuator
saturations, or in the absence of sufficient computational power onboard the ARM spacecraft, the simple
linear D+PD control strategy resulted in good performance. This performance was further enhanced with
properties of superior robustness and convergence if the robust nonlinear tracking control law was used to
globally exponentially track a desired attitude trajectory generated from D+PD control. We envisage that
these guidelines can be used for improving the design of the ARM spacecraft.
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